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Nonequilibrium Real Time Green’s
Functions and the Condition of
Weakening of Initial Correlation
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A new method is given to calculate real-time Green’s functions in non-
equilibrium from the hierarchy of equations of motion in connection with the
boundary condition of weakening of initial correlations. The way of deriving a
generalized quantum Boltzmann equation is shown.
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1. INTRODUCTION

The nonequilibrium properties of a quantum many-particle system can be
described by the one-particle Green’s function g,(1, 1') defined by‘"

f
g1, 1) ==Tr{pTy(1) ¥ (1]} (1)

where p is the unknown nonequilibrium density operator and T represents
the Wick time ordering operation. The notation means 1=r,, t,, etc. In
addition to (1) the correlation functions are

1
gr (1L 1) ==Tr{pp(1) ¥ *(1")] (2a)

g (1L 1) = £ Tr{py* (1) 4 (1)) (2b)
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The connection to the one-particle density matrix p, is given by
piry, 1 )= iigf(l’l')\q:zi:z (3)

In order to determine the Green’s function we start from the well-known
hierarchy of equations of motion for the real-time Green’s functions, given
by Martin and Schwinger./") The first equations are

0w , o N
[za—ll+%1—~—U(1)j|g1(1,l)=5(l—1)izfd2V(l,2)g2(12,12) 4)

¢ V2 ,
[i_+_1_ U(l)] (12, 12)=5(1 = 1) £,(2,2) £5(1 - 2) g,(2, 1)
oty 2m

+ ijd3 V(1, 3) g5(123, 1'23%) (5)

where g, (12---n, 12'---n') is the n-particle Green’s function,
V(1,2)=V(r,—r,) é(¢t, —t;) is the two-body potential, and U(1) is the
external potential. These equations are very general, which means they do
not depend on the kind of averaging. Therefore boundary conditions are
necessary to obtain solutions for a special kind of averaging. For example,
in the case of thermodynamic equilibrium, the system is described by the
grand canonical density operator and the solutions are determined by the
KMS condition for the imaginary-time domain.®*) For the one-particle
Green’s function one has

G(1, 1) =0= £e™G(1, 1), = 4 (6)

Here u is the chemical potential, and § = 1/k;zT. The G denotes the Green’s
function defined for imaginary times.

In nonequilibrium situations, the KMS condition is not applicable. Up
to now there exist two possibilities for the determination of nonequilibrium
Green’s functions:

(i) Kadanoff and Baym have performed an analytic continuation of
the imaginary-time Green’s functions to their real-time counterparts,
assuming the system initially to be in thermodynamic equilibrium.?

(ii) In order to deal directly with real-time Green’s functions in non-
equilibrium situations, Keldysh introduced a diagrammatic perturbation
scheme in order to evaluate the Green’s functions in the interaction
picture.”’) The technique is based on the use of a closed contour of
chronological and antichronological time ordering.

The aim of this paper is to follow the consequent way of equations of
motion for the determination of real-time Green’s functions in non-
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equilibrium. A new method then is given to calculate real-time Green’s
functions directly from the hierarchy of equations of motion using the usual
boundary condition of kinetic theory. This method is demonstrated for the
simple case of binary collision approximation deriving the quantum
Boltzmann equation. The generalization of the Boltzmann equation which
takes into account medium-dependent three-particle scattering is discussed
in the last section. A generalization of the Boltzmann equation taking into
account phase space occupation was also given by Boercker and Dufty,!?
who started from the BBGKY hierarchy.

2. BOUNDARY CONDITION AND BINARY COLLISION
APPROXIMATION

It is known that Green’s functions are powerful quantities for the

description of a many-particle system. We will determine real-time Green's
functions in connection with the Bogoljubov condition of the total weaken-
ing of the initial correlation. That means we will solve the equations of
motion with a boundary condition which reads for instance for the time-
specialized Green’s function describing the propagation of two particles in
a many-particie system:
Jim &2 1y =L 12224 6L g2 1) ()
Here the two possibilities for the case of equal times are taken into account
by the limit 7; =¢{" =¢, + & The boundary condition (7) is appropriate for
situations in which long-time correlations and precollision spatial
correlations are negligible. In this case the nonequilibrium properties of the
system can be described by the one-particle Green’s function. In systems
with bound states and large-scale fluctuations the Bogoljubov condition of
the form (7) is insufficient and must be generalized.© " In the following we
will consider such systems for which the condition (7) is possible.

In order to derive a kinetic equation for g,(1, 1') it is necessary to get
solutions for g,(12, 1'2") which satisfy the Bogoljubov condition (7). To
demonstrate this concept we consider first the simple case of the binary
collision approximation. In this approximation g, can be determined by the
following equation, which arises from the Martin-Schwinger hierarchy by
neglecting higher than two-particle collisions and self-energy corrections to
the one-particle Green’s function:

1 a Vf - a V% LY 4] ’ ] ’
[lgg““ﬁ—U(l)}[lEJrz;;U@)] {g212,12) — g%(1, ') g9(2, 2')

F £1(1,2) 292, 1)} = iV(1, 2) g5(12,1'2') (8)
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where g? is the free one-particle Green’s function satisfying

[i—at——kﬁ— U(l)} g%, 1)=486(1-1)

2m

A solution, satisfying the Bogoljubov condition (7), follows directly from
(8) and can be represented in the form (¢, =t¢,, t; =13)

gh(12, 12') = 5F(12,1'2') +ij°° did2 v(i, 2)

x {4(12,12) g5(12, 1'2) - 45 (12, 12) g5~ (12, 1'2)}  (9)

(here we have denoted the binary collision approximation by the
superscript L), where

G31(12,12)=g1(1,1') g7(22') £ g2(1, 2') g%(2, 1) (10)

The function %,(12, 1'2') is given by (10) without the exchange term. In (8)
and (9) the approximation of free particles is used for the one-particle
Green’s function. It is easily proved that (9) is a solution of Eq. (8). The
fact that the boundary condition (7) is fulfilled can be seen from (9) if one
splits up the region of time integration for a special time order of ¢, and #:

jz dt'=J[1w di, + f di, + fw di,  (for t,<1})

- - 1

For the further considerations it is useful to introduce a T matrix by the
definition

Ceyry| Tl ) ey = V(e —r1,) 0(r — 1)) 6(r, —15) 6(1 — ')
+ iV(ry —r,) g5(riryt, virs ') Viry —r3) (11)

where g5 is the two-particle Green’s function without the exchange con-
tribution. Using (9) we get the following equation for 7',

(et Tip(s, ) |1y = V(r, —15) 6(r, —x7) 6(r, —x3) 6(1 — 1)

+ ifw didE, dF, V(X — 1) B(r 11, F,Ey 1)

— 00

x KBy Fy| Tyo(f, 1) Irirs )

_ ij did, s V (X, —T,) G5 (1,11, T, Fof)

x CFify| TH(E 1) s (12)
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It can be shown that Eq. (12) is the many-particle version of the T matrix
of ordinary scattering theory, which takes into account the Pauli blocking
in the two-particle scattering in nonequilibrium situations. Especially the
optical theorem follows from (12) which already was derived by
Baerwinkel®® on the basis of the Kadanoff-Baym technique.

Let us now consider the right-hand side of Eq. (4) for g,(1, 1') in the
case f; < t}. Using the symmetrized (antisymmetrized) T matrix we find

fdz (1, 2) gh(12, 1'2+)=f°° DAID{12] Ty, 1125 4(12,127)

— (12| T 112)* %5 (12, 127)} (13)
with
2] T 125 % = (ryry| T2y, 17) X >+ (1, — £,) (1) — 1)

If we replace the free by the full one-particle Green’s function up to higher
orders and if we introduce the self-energy in binary collision
approximation,

2oL, 1) = iifd2d2 121 T {125% g4(2,2%) (14)

we get the structure of the well-known equation of motion for g=(1, 1)
given by Kadanoff and Baym,®

. a V% < ’ HF ¥ <(¥ 1ot
i3 3~ U [ &7 (L 1) = [ de 7700 Ey 1) g7 (R mi)
151 - _ <)
[ xgan grn)
ti q << 1 <(711’
+ [Mdl 25,00 g (1)
1
+[ Caizgangran o)
1

which in our case is a direct consequence of the boundary condition (7).
We want to underline that the boundary condition for g, leads to a
corresponding condition for the total self-energy,

lim | d2 V(1,2) g,(12,12%),

1y > —oo 1

=Jd2 V(1,2){g:(1, 1) g:(2,27) + g,(1,2%) £,(2, 1)}

= Fi | b, T(0,E 1) g7, 0 0) (16)
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Using (16) in the equation of motion (4) for g, one can derive the general
form of the Kadanoff-Baym kinetic equation which is given by (15) replac-
ing X', by the total self-energy. That means the Eq. (15) is valid for any
approximation of the self-energy.

In the further approach one can follow the techniques used in Ref. (2).
Taking into account the optical theorem for the real-time T matrix we
finally get the quantum Boltzmann equation in binary collision
approximation.

3. GENERALIZATION OF THE BOLTZMANN EQUATION

In order to take into account higher approximations with respect to
the particle correlation, a cluster expansion for g, must be used at the
right-hand side of Eq. (4). The main line for doing this in the presented
theory should be briefly explained.

From the hierarchy of equations of motion, the following cluster
expansion was derived®:

(12, 1'2") = g3(12, 1'2") & J d3d3 g77'(3,3)

x [g5(123,1'23%) — g5(12,12)) g%(3,3")]  (17)

The first term, g%, is the contribution of the binary collision
approximation, determined by Eq. (9). The second term describes the
influence of the three-particle correlations.

We want to underline that all times are different in (17). In Eq. (4) a
special case of the two-particle Green’s function must be used depending
only on two time arguments. To get the similar dependence on two time
arguments in the contribution of three-particle correlations, we consider
the three-particle Green’s function g% for the special case ¢t; =, =1, and
(for simplicity) ¢} = ¢, = #5. The Bogoljubov condition takes the form

lim gy, 1)1 = o = 81(21, 11) 8221, 11) g3(24, 11)

= —
+ exchange terms (18)
Then the following solution can be derived approximately for the con-

sidered time specialization in the case of three-particle Ladder
approximation®):
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© ginslt1s 11) = %in3(1y, 1)) + exchange terms

-+ oo _ _ _ _ ,
+ izj diy Go5(t1, 1) v55(41) gias(fy, 1)

— 00

+ 20 B =
— 2 dh S, 0) ) gl (L ) (19)

where we have for free particles
ng(t’ t,) = g(l)(t’ tl) g(z)(t’ Z’) gg(ta Z,)

In (19) an effective three-particle potential was introduced which in lowest
order of the one-particle correlation functions g%<(¢) (i=1, 2, 3) is given by

v§5s(1) = v§3(1) + v§h (1) + vi(1)
=[-8~ (, )] Vi +[1—-3°(, )] Via (20)
+ [1—igd=(1,1)] Vs

In (18), (19), and (20) a matrix notation for the space variables was used
in which multiplication involves integrating the coordinate matrix indices
over all space.

It can be seen that the pure three-particle potential V5=
Vis+ Vi34 Vs follows from (20) in the low-density limit if the correlation
functions are negligible.

It is useful to define a T matrix by

Ty, 1) = v§55(2) 8(t — ')
+ Ps55(1) Eioa(t, 1) 035,(1) (21)
(sometimes we will use a modified 7 matrix given by T'%(z ¢')=
(5T + 08Ty + (sl + v$T) g4,050,) Here gL, is the three-particle Green’s

function without the exchange contribution. Using (19) the following
equation for T',; can be derived from (21):

Tyos(ty, 11) = 055,(2,) (¢, — 1})

+ o0 N _ _ ,
+ izf ai, v55,(11) Gios(1y, £) Toosldy, 1)

— GO

+ o0 ~ B =
= 2 ) S 1) Tl 1) (22)

A T matrix formulation is presented by Eq. (22) which describes three-par-
ticle scattering in a nonequilibrium many-body medium. Similar equations
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are given in Ref 10 for the case of thermodynamic equilibrium using
(imaginary-time) diagram techniques. Now we insert the cluster expansion
(17) in Eq. (4) for g specializing the time arguments in the right manner.
Introducing the self-energy we get the known structure of Eq. (15) replac-
ing 2,y by X', which is given by the expansion

Sal 1) =+ i [ @2 12 Ty |12) % g,(227)

1 o - . i
+ E(ii)zjdz d3d2 d3{123| 719, 1123+ g,(32%) g,(33")
— R(1,2,3;12%3+)} (23)

In the derivation of (23) the functions g° are replaced by g. With R we
have taken into account the corresponding self-energy contributions and
the disconnected three-particle terms.®’

Finally we will give the generalization of the Boltzmann equation for
the one-particle distribution function which can be derived from Eq. (15)
with the self-energy (23) in three-particle collision approximation. Follow-
ing the techniques used in Ref. 2 we get for the spatially homogeneous case

0

{5}— [VrUR, T)'Vp]}f(l), T)=L(p) + L3(p) + 1r(p) (24)
where —V_ U(R, T)=F(T) is the external force field. The two-particle
collision integral is given by

_ 1 dp, dp, dp;

Iz(P) _I—/J (27‘6)3 (27‘5)3 (271.)3

X Zna(E12—Elz){f1f2(1 LA )1+ A)1 i‘fz)ﬂfz}
(25)

1 ) _
3 |[<p1P2l T1(Ea+10, T) |py By =1?

For the three-particle collision integral we get the expression

1 dp, dp; dp, dp, dp;
I7

I3(p) 2—2—‘1; ) 2n) 2n) (27t)3 2n) 210(E 5, — E\23)

1 . o
X 3 [{P1P2P3| T123(E 153+ 10, T) |p1p2p3>i‘2|connected

x {Afif A+ YA H)A 1) — A+ )AL L)) fi 12050
(26)
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where fi=f(p;, T}, fi=/f(p,, T), etc. are the momentum distribution
functions and E,, E|,; are the scattering energies of free particles. It can be
seen that the collision integrals are expressed by retarded 7 matrices which
describe the scattering in the nonequilibrium many-particle system.
Because of the integration over p, and p, we can use in I, the 7 matrix
T125 instead of 7719, [cf. Eq. (23)].
T123(z, T) is given by © (operator notation)

T3z, T) = v55,(T) + U123(T) G123z, T) T332, T) (27)
where
_ dw G 5o, T)— 9 550, T)
Gasle. T)= | 5 i (28)

With J7,; the contribution of the medium dependent three-particle scatter-
ing to the corresponding collision integral (26) is given. Especially a time-
dependent effective three-particle potential appears in the 7 matrix
equation (27).

The term [, arises from self-energy corrections R. To lowest
approximation this term is found to be

dp, dp
Ip=— % (27:)3(27[;3 PiPaps| [V, 212(215/1 /2130

— L5 25 +Qu(Qu 11325~ f123) Q51 pipaps)
(29)

Here we have used an operator notation. The functions € correspond to
the Moeller operator of scattering theory. They are connected with the
two-particle T matrix by

TAEn+10)=V,Q2,(E;,+10) (30)

A similar expression for I® was also found by other authors.>” From a
principle point of view I is very important as it compensates for the suc-
cessive binary collisions in the three-particle integral. Further it ensures the
conservation of the energy in binary collision approximation. Therefore the
kinetic equation (24) is suited to describe nonideal gases.(®

It is the quantum mechanical generalization of the well-known kinetic
equation for classical dense gases.(!*!%)

822/41/3-4-21
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